Introduction
Suppose that K is a field. Associated to a valuation ν of K is a value group Φ ν and a valuation ring V ν with maximal ideal m ν . Let R be a local domain with quotient field K. We say that ν dominates R if R ⊂ V ν and m ν ∩ R = m R where m R is the maximal ideal of R. We have an associated semigroup
as well as the associated graded ring of R along ν
which is defined by Teissier in [18] . Here P γ (R) = {f ∈ R | ν(f ) ≥ γ} and P + γ (R) = {f ∈ R | ν(f ) > γ}. This ring plays an important role in local uniformization of singularities ( [18] and [19] ). The ring gr ν (R) is a domain, but it is often not Noetherian, even when R is. In fact, a necessary condition for gr ν (R) to be Noetherian is that Φ ν be a finitely generated group.
In this paper, we answer the following question, which is a natural generalization of local uniformization. Question 1.1. Suppose that R is a Noetherian local domain which is dominated by a valuation ν. Does there exist a regular local ring R ′ of the quotient field K of R such that ν dominates R ′ and R ′ dominates R, a prime ideal p of the m R ′ -adic completion R ′ of R ′ such that p ′ ∩ R ′ = (0) and an extensionν of ν to the quotient field of R ′ /p which dominates R ′ /p such that gr ν (R ′ ) ∼ = grν ( R ′ /p)?
A nonzero prime ideal p may be necessary to obtain the conclusions of Question 1.1, as is shown in [17] and [10] .
If ν has rank 1, then we easily obtain a prime p in the completion of R such that gr ν (R) ∼ = grν(R/p)
as we now indicate. Suppose that R is a Noetherian local domain which is dominated by a rank 1 valuation ν. For f ∈R, we write ν(f ) = ∞ if there exists a Cauchy sequence {f n } in R which converges to f , and such that lim n→∞ ν(f n ) = ∞. We define ( [7, Definition 5 .2]) a prime ideal P (R) ∞ = {f ∈R | ν(f ) = ∞} partially supported by NSF grant DMS-1700046.
Question 1.3. Suppose that R is a Noetherian local domain which is dominated by a valuation ν. Does there exist a regular local ring R ′ of the quotient field K of R such that
ν dominates R ′ and R ′ dominates R, and an extension ν h of ν to the quotient field of the Henselization (R ′ ) h of R ′ which dominates (R ′ ) h such that
A positive answer to Question 1.1 would imply a positive answer to Question 1.3. We prove the following proposition on the extension of associated graded rings under an unramified extension in [5] , which gives a start on answering Question 1.3. Related problems are considered in [11] .
Suppose that R and S are normal local rings such that R is excellent, S lies over R and S is unramified over R,ν is a valuation of the quotient field L of S which dominates S, and ν is the restriction ofν to the quotient field K of R. Suppose that L is finite over K. Then there exists a normal local ring R ′ of K which is dominated by ν and dominates R, such that if R ′′ is a normal local ring of K which is dominated by ν and dominates R ′ and S ′′ is the normal local ring of L which is dominated byν and lies over R ′′ , then R ′′ → S ′′ is unramified, and
We give an example at the end of of [5, Section 5] showing that it may be necessary to take R ′ = R to obtain the conclusions of Proposition 1.4 if ν has rank greater than 1. The ring R is regular and there is no residue field extension in the example. This example shows that it may be necessary to perform a proper extension R → R ′ take R ′ = R to obtain a positive answer to Question 1.3 or 1.1, even if R is a regular local ring. This problem arises from the fact that the residue field under blowing up of the center of a composite valuation can increase. Related examples are considered in [11] . In [11, Remark 2] , it is already observed that the increase of residue field under blowing up of the center of a composite valuation is a critical issue in understanding an extension of a valuation dominating a local domain to its completion.
In this paper, we show that Question 1.3 and Question 1.1 have a negative answer in general. This is accomplished in Theorems 1.5 and 1.6 stated below, which are proven in Section 5. The examples of the theorems are on three dimensional regular local rings which are a localization at a maximal ideal of a polynomial ring over an arbitrary algebraically closed field. This paper relies on the construction of generating sequences (Section 3), using the algorithm of [8] , which is a generalization of the algorithm of [17] . The construction of generating sequences in a local domain which is dominated by a valuation which provide enough information to determine the associated graded ring along the valuation is an important problem. Some recent papers addressing this are [9] , [12] , [14] and [16] .
Notation
The nonnegative integers will be denoted by N and the positive integers will be denoted by Z + . If Λ is a subset of an Abelian group G then G(Λ) will denote the group generated by Λ and S(Λ) will denote the semigroup (containing zero) generated by Λ.
The maximal ideal of a local ring R will be denoted by m R . Suppose that K is a field. A local ring of K is a local domain whose quotient field is K. We will say that a local domain B dominates a local domain A if A ⊂ B and m B ∩ A = m A . If a regular local ring B dominates a local domain A and B is a local ring of the blow up of an ideal I in A, then a strict transform of an element f ∈ A in B is a generator g of the principal ideal (f ) : B IB; that is, g is a generator of the ideal of the strict transform of Spec(A/(f )) in Spec(B).
If ν is a valuation of a field K, V ν will denote the valuation ring of ν, m ν will denote the maximal ideal of V ν and Φ ν will denote the value group of ν. The basics of valuation theory are explained in [21, Chapter VI] and [3, Chapter II]. We will say that a valuation ν dominates a local domain R if V ν dominates R. We define the semigroup
Construction of generating sequences of a valuation
Suppose that R is a local domain and ν is a valuation dominating R. A sequence of elements {P i } in R is called a generating sequence for ν if the classes in ν (P i ) of the P i in
has regular parameters x, y and residue field R 0 /m R 0 ∼ = k(t). We will inductively define a generating sequence 
Z and
Let κ be an algebraic closure of k(t) and let α i ∈ κ be a root of
Since the p i are all pairwise relatively prime, by induction on i, we see that f i (u) is the minimal polynomial of α i over k(α 1 , . . . , α i−1 ) and
, by the algorithm of the proof of [8, Theorem 1.1], the P i are the generating sequence of a valuation ν dominating R 0 which has the property that setting
Then ν(x 1 ) > 0 and ν(ỹ 1 ) = 0. Set
By [8, Theorem 7 .1],
are regular parameters in R 1 and
for i ≥ 1 is a generating sequence for ν in R 1 . For i ≥ 1, we have
with gcd(a i,1 , p i+1 ) = 1 for all i ≥ 1. We have that
for i ≥ 1 and setting
for i ≥ 1 and
is the minimal polynomial of α i,1 over
Iterating this construction, we have an infinite sequence of birational extensions of regular local rings R 0 → R 1 → · · · → R j → · · · which are dominated by ν where R j has regular parameters x j , y j and a generating sequence {P i,j } for ν defined by P 0,j = x j , P 1,j = y j and for i ≥ 1,
where τ i,j are units in R j and gcd(a i,j , p i+j ) = 1. We have
We have that
for i ≥ 1 and setting U i,j = x a i,j j for i ≥ 1 and
is the minimal polynomial of α i,j over
Suppose A is a regular local ring of the quotient field K of R 0 which is dominated by ν and dominates R 0 . Then there exists a largest l such that A dominates R l , so there exist regular parameters z and w in A such that x l and y l are monomials in z and w. We thus have a factorization (by [2, Theorem 3])
where D 0 has regular parameters z = x l , w = y l and D i+1 has regular parameters z i+1 , w i+1 , such that either
We have shown that D 0 has a generating sequence {Q i } with Q i = P i.l for i ≥ 0, so that Q 0 = z 0 , Q 1 = w 0 , and
where
is the minimal polynomial of γ i over
We will show by induction on j that D j has a generating sequence {Q i,j } defined by
0,j ) with gcd(c j , e 1,j ) = 1 and for i ≥ 2,
1,j ), and with
We also have that D j /m D j = k(t)(α 1 , . . . , α l ) and
We inductively construct the generating sequence Q 0,j , Q 1,j , . . . as follows. Suppose that Q 0,j , Q 1,j , . . . has been constructed. We will construct Q 0,j+1 , Q 1,j+1 , . . .. We either have that (10) z j = z j+1 w j+1 , w j = w j+1 or (11) z j = z j+1 , w j = z j+1 w j+1 .
Suppose (10) holds, so that ν(w j ) < ν(z j ). Then (12) w j+1 = Q 1,j+1 = Q 1,j and z j+1 = Q 0,j+1 = Q 0,j Q 1,j+1 .
Substitute for Q 0,j , Q 1,j in
1,j+1 . Since ν(Q 0,j ) > ν(Q 1,j ), and p 1+l c j ν(Q 1,j ) = p 1+l e 1,j ν(Q 0,j ), we have p 1+l e 1,j < p 1+l c j . Thus a strict transform of Q 2,j in D j+1 is
Suppose we have constructed the generating sequence out to
.
Substituting into
, and from the inequalities
is a strict transform of Q i+1,j in D j+1 . Now suppose (11) holds, so that ν(w j ) > ν(z j ). Then
Substitute for Q 0,j and Q 1,j in
. Now suppose we have constructed the generating sequence out to
Then substituting into
we have that j ) , and from the inequalities
is a strict transform of Q i+1,j in D j+1 .
Since gcd(c j , e 1,j ) = 1,
Dividing the relation (7) by Q p 1+l e 1,j 0,j and taking the residue in V ν /m ν , we obtain
where f 1,l , defined by (5), is the minimal polynomial of
Dividing the relation (8) 1,j ) p i+l , and taking the residue in V ν /m ν , we obtain
where f i,l , defined by (5) , is the minimal polynomial of
We now verify (9) by induction on j. If we are in case (10), then the formula follows for j + 1 from induction and (12), (13) and (14) . If we are in case (11) , then the formula follows for j + 1 from induction and (15), (16) 
. This formula follows from induction on i and (9), (5), (18) and (19) 
Construction of unramified extensions which have larger valuation semigroups
Let notation be as in the previous section. Let K = k(t, x, y). Let A be a regular local ring of K which dominates R 0 and is dominated by ν. Then there exists a factorization of
λ be a p 1+l -th root of 1 + t in an algebraic closure of K, L = K(λ) and ν be an extension of ν to L. Let ω ∈ k be a primitive p 1+l -th root of unity. Let p = p 1+l and f (u) = u p −(1+t), the minimal polynomial of λ over K. Let B = A[λ]. The ring B is finite over A. We have the formula for the discriminant
by [ 
Now 1 + t ∈ R 0 and 1 + t ∈ m R 0 , so 1 + t ∈ m A . Thus the discriminant ideal D(B/A) in A is equal to A, and so B is normal and A → B is unramified by [3, Proposition 1.43] and [3, Theorem 1.44 ]. Let C = B m ν ∩B . Then A → C is unramified, and so C is a regular local ring, since the maximal ideal of C is generated by a regular system of parameters in A.
Proposition 4.1. With the above notation, we have inequalities of semigroups
Proof. Since A = D n in (4), A has regular parameters z n , w n and a generating sequence Q 0,n = z n , Q 1,n = w n , Q 2,n , . . . defined by (6) , (7) and (8) . so
We have
By (7), we have
which is nonzero since λ and τ 1,l are units in C. There exists at most one index j with 1 ≤ j ≤ p 1+l such that ω j β = γ 1 . We have that
there exists a unique value of j such that ω j β = γ 1 , and ν(h j ) > e 1,n ν(z n ). If ν(h j ) ∈ S A (ν), we must then have that ν(h j ) ∈ S(ν(z n ), ν(w n )), since
and by (23). Thus ν(Q 2,n ) ∈ G(ν(z n ), ν(w n )), which is a contradiction to (24).
Let µ be a valuation of
which is an extension of the (t)-adic valuation on k[t] (t) . The value group of µ is Z. Let ϕ be the composite valuation of ν and µ on K, so that the valuation ring of ϕ is V ϕ = π −1 (V µ ) where π : V ν → V ν /m ν is the residue map ([3, Section 10]). The residue field of ϕ is V ϕ /m ϕ = V µ /m µ ∼ = k. Let T 0 = k[t, x, y] (t,x,y) , which is dominated by ϕ. 1) U is a regular local ring 2) the extension T → U is unramified with no residue field extension
, let λ be a p 1+l -th root of 1 + t in an extension field of K, and let L = K(λ) (as in (22)). Let ϕ be an extension of ϕ to L and let ν be the extension of ν to L with which ϕ is composite. Let U be the normal local ring of L which is dominated by ϕ and lies over T . Then U is a regular local ring and the extension T → U is unramified with no residue field extension, by the argument before Proposition 4.1 and since V ϕ /m ϕ = V ϕ /m ϕ = k by [21, Corollary 2, page 26]. Let C = U m ν ∩U . Then C is a regular local ring and A → C is unramified (by the argument before Proposition 4.1). We have that 
which induce a commutative diagram of homorphisms of semigroups, where the horizontal arrows are surjective and the vertical are injective,
We will show that the first horizontal arrow is surjective. The proof for the second horizontal arrow is the same. Suppose α ∈ S A (ν). Then there exists f ∈ A such that ν(f ) = α. There exists g ∈ T \ (x, y) such that gf ∈ T . Thus ϕ(g) ∈ Φ µ and ϕ(gf ) = ϕ(g) + ϕ(f ) so ϕ(gf ) ∈ S T (ϕ) maps onto ν(f ) = α. Thus S T (ϕ) = S U (ϕ) by (25).
5. Proofs of Theorems 1.5 and 1.6
We first give the proof of Theorem 1.5. A Henselization T h of T can be constructed as follows, as is explained in [15, Chapter VII] . Let N be a separable closure of K. Then N is an (infinite) Galois extension of K with Galois group G(N/K). Let E be a local ring of the integral closure of T in N , and let G s (E/T ) = {σ ∈ G(N/K) | σ(E) = E}.
A Henselization T h of T is then T h = E G s (E/T ) , which is a local ring of the fixed field M = N G s (E/T ) of G s (E/T ) which lies over T . Let K → L be the field extension of Proposition 4.2. Choose an embedding K → L → N of L as a subfield of N , and let U be the local ring of the integral closure of T in L which is dominated by E. By Proposition 4.2, U is unramified over T with no residue field extension. Thus Thus U is dominated by T h since U = E ∩ L and T h = E ∩ M . Let ϕ = ϕ h |L. Then ϕ dominates U and T h dominates U , so S U (ϕ) ⊂ S T h (ϕ h ). But S U (ϕ) = S T (ϕ) by Proposition 4.2, so S T h (ϕ h ) = S T (ϕ).
We now give the proof of Theorem 1.6. By [15, Theorem 43.5] , the completionT of T is a Henselian local ring, and so by [15, Theorem 30.3] ,T dominates the Henselization T h of T . Now T h = F m where F is the integral closure of T in the quotient field M of T h and m is a maximal ideal of F . Suppose q is a nonzero prime ideal of T h . Then there exists a nonzero element f ∈ q, so that f = g h where g, h ∈ F and h ∈ m. Now g is integral over T and T is normal, so the norm N K(g)/K (g) satisfies 0 = N K(g)/K (g) ∈ q ∩ T by [20 Suppose there exists a prime ideal p inT with an extensionφ of ϕ to the quotient field ofT /p which dominatesT /p such that ST /p (φ) = S T (ϕ). Then p ∩ T h = (0), and soT /p dominates T h . Let ϕ h be the restriction ofφ to the quotient field of T h . We then have natural inclusions
But S T (ϕ) = S T h (ϕ h ) by Theorem 1.5, giving a contradiction to our assumption that ST /p (φ) = S T (ϕ).
